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Abstract While Markowitz’s framework of portfolio optimisation aims to
eliminate diversifiable risk, it does not consider protection against the
undiversifiable, systematic risk of market downturns. This paper investigates
a concept of risk-minimising investment strategies, which embeds
revolving portfolio optimisations into a framework of dynamic portfolio insurance
and thus links the two approaches of minimising the diversifiable and controlling
the undiversifiable risk. Investment strategies are generated which minimise the
diversifiable risk by revolving optimisations based on newer downside risk
measures, value-at-risk and conditional value-at-risk. Portfolio insurance is applied
on the investment strategies, in order to control the systematic risk over time. The
concept is illustrated by a simplified application example based on historical data,
which comprise the most recent period of the financial crisis. The example
demonstrates that the performance of investment strategies is stabilised by the
application of portfolio optimisation. The choice of risk measure turns out to be of
minor relevance. In the period of market decline the impacts of portfolio insurance
overlay the impacts of portfolio optimisation. The observations of the case
study give reason to suggest that in times of financial instabilities portfolios
primarily should be protected against downside risk by adequate portfolio
insurance.
Keywords: conditional value-at-risk, constant proportion portfolio insurance,
dynamic asset allocation, portfolio insurance, time invariant portfolio
protection, value-at-risk

INTRODUCTION
The recent financial crisis hit many
investors by surprise. Impacts of dramatic

334

market downturns had been unexpected,
when nearly all financial markets crashed
in unison in a downward direction.
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Extreme losses occurred owing to the
lack of sufficient portfolio protection.
The crisis also revealed that the
application of modern portfolio
optimisation by itself does not protect
portfolios from suffering high
losses, when systematic risks are
occurring.
According to financial theory, risk
can be decomposed into systematic,
‘undiversifiable’ risk on the one side
and the issuer-specific, ‘diversifiable’
risk on the other side. While
Markowitz’s framework of portfolio
optimisation aims to eliminate the
specific risk, the model does not
suggest any protection against the
systematic risk of adverse market
movements. On the other hand,
concepts of portfolio insurance, also
referred to under the notion of
dynamic asset allocation, focus on
portfolio protection against adverse
market movements, comprising
strategies that systematically adjust a
portfolio’s asset allocation, triggered
either by changes inside the portfolio
or in overall market conditions. A
variety of strategies has been
developed in this context in the last
decades. Nevertheless, the link of those
two streams of research, modern
portfolio optimisation on the one hand
and portfolio insurance on the
other, has not been studied in detail
so far.
This paper investigates a concept of
risk-minimising investment strategies,
which embeds revolving one-period
portfolio optimisations into a framework
of dynamic portfolio insurance and thus
links the two approaches of controlling
diversifiable and undiversifiable risk.
Investment strategies are generated which
minimise the diversifiable risk. Portfolio

insurance is applied on the investment
strategies, in order to control the
systematic risk over time. The impacts of
risk minimisation and portfolio insurance
are analysed in a case study based on
historical data, comprising the most
recent period of the financial crisis. The
case study aims to illustrate the suggested
methodology. Impacts of minimising the
diversifiable risk and of controlling the
systematic risk are examined in a
simplified portfolio setting.
In recent years the financial industry
has extensively used quantile based
downside risk measures. The risk
measures value-at-risk (VaR) and
conditional value-at-risk (CVaR) have
become popular in finance. An intense
discussion on the choice between VaR
and CVaR has evolved in academic
literature, concluding with mixed results.
The question of the choice of risk
measures is taken up in the applications
presented in the case study. Investment
strategies are generated based on risk
minimisations in terms of the risk
measures VaR and CVaR.
The paper is organised as follows.
After the introduction in the second
section the approach of risk-minimising
investment strategies is described and a
survey is given on the underlying
conceptual framework. In the third
section the case study is presented which
consists of two steps. In the first step
investment strategies are generated
based on periodical VaR and CVaR
minimisations. In the second step
portfolio insurance is applied to the
investment strategies derived from the
first step and the performance of the
different investment strategies is analysed.
The final section of the paper concludes
with both a summary and the prospect
of further issues of research.
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APPROACH OF
RISK-MINIMISING
INVESTMENT STRATEGIES
Survey
By definition, an investment strategy
specifies a set of rules, behaviours or
procedures, designed to guide an
investor’s selection of an investment
portfolio.1 Usually the strategy is
designed around the investor’s risk-return
trade-off profile. In a dynamic context,
portfolio management is a sequential
process in which an investor revises his
allocation periodically with respect to
changing endogenous conditions and to
the ongoing evolution on the financial
markets. An investment strategy can
therefore be represented as a series of
asset allocations over time.
The paper suggests a concept of
risk-minimising investment strategies,
which embeds one-period portfolio
optimisation into a framework of
dynamic portfolio insurance and thus
links the approaches of minimising
the diversifiable and controlling the
systematic risk. In order to minimise the
diversifiable risk, at every rebalancing
point of time a modified Markowitz
optimisation problem is solved. By
iteration over the entire investment
period, a series of investment strategies is

generated, which periodically minimise
the specific risk. In order to additionally
control the systematic risk, portfolio
insurance is applied on the investment
strategy over the investment period.
Portfolio insurance, also referred to under
the notion of dynamic asset allocation,
comprises strategies that systematically
adjust a portfolio’s asset allocation,
triggered either by changes inside the
portfolio or in overall market conditions
in order to maintain a specified floor
level, the minimum target value.
The suggested concept of
risk-minimising investment strategies
is based on the following steps:
(1)

(2)

At every rebalancing point of time a
special rebalancing criterion is applied
and a mean-risk portfolio optimisation
is conducted in order to minimise the
diversifiable risk.
Over the investment period additional
portfolio insurance is applied in order
to limit the systematic market risk and
maintain a specified floor level.

Figure 1 illustrates the author’s basic idea
of generating risk-minimising investment
strategies.
In the following a survey is given on
existing literature linked to the suggested
approach. The underlying concepts of

Figure 1: Concept of risk-minimising investment strategies
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asset allocation go back to Markowitz’s
fundamental approach on portfolio
selection.2 The strengths and limitations
of the one-period mean variance model
since then have been widely discussed in
the financial literature. Various extensions
of the Markowitz model have been
suggested to overcome difficulties of
practical implementation, referring eg to
a generalisation of the underlying
assumptions or extensions to
multi-period models.3
The traditional Markowitz model is
based on the assumption that the asset
returns follow a normal distribution.
Yet frequently it turns out that this
assumption does not hold in reality. A
wide stream in the quantitative finance
literature has discussed incorporating fat
tails and skewness of the loss distributions
into the traditional mean-risk allocation
approach. Downside risk measures have
been suggested in this context, thus
generalising the underlying assumptions
on the asset return distributions and the
applied risk measure. In the recent past,
the focus moved to newer quantile-based
risk measures in this discussion.4,5 The
approach presented in this paper follows
these ideas and the case study applies the
risk measures value-at-risk (VaR) and
conditional value-at-risk (CVaR) in a
generalised mean-risk optimisation
framework.
Another wide field of literature exists
on the extension of the one-period
Markowitz model into a multi-period
setting. Pioneering work was suggested
by Tobin using an application of
discrete-time multi-period models.
General frameworks for finding optimal
decisions over the planning horizon
evolved from this.6 Stochastic optimal
control theory was first suggested by
Merton (1969) and taken on in a variety

of studies.7 The capital growth theory
mainly goes back to Hakansson.8 Diverse
stochastic programming approaches were
developed in more recent approaches.9,10
Emmer et al. achieve optimal portfolio
diversification in a time continuous
setting, minimising the diversifiable risk
in a long-term view.11
Nevertheless, multi-period
optimisation problems often are difficult
to implement owing to the underlying
modelling assumptions or computational
complexity. In this paper the aspect of a
multi-period setting rather is considered
by revolving one-period portfolio
optimisations and embedding the series
of asset allocations into a dynamic
framework of portfolio insurance over
time. In this way the diversifiable risk
is minimised by revolving one-period
optimisations and the systematic risk of
adverse market movements is controlled
over the investment period.
Dynamic asset allocation and trading
strategies have been a matter of research
for the last decades. Much attention
was put on analysing the performance
of trading strategies under different
market conditions, without reaching a
common consensus on the effectiveness
of different portfolio insurance
concepts. Studies have been conducted
to optimise trading parameters and
minimise transaction costs.12 Different
rebalancing criteria have been suggested
for the revolving adjustment of asset
allocations.13 Nevertheless there has
been little attention given to a
comparison of using different
rebalancing criteria. The application of
portfolio optimisation and the use of
new risk measures have been addressed
recently in this context.14 Yet they have
not been closely examined from this
view, which is the focus of this paper.
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Definition of an investment
strategy

equation:

In the following a formal description
of an investment strategy is derived. Let
the investment universe consist of n
assets and let I represent
the set

0 of all
asset weights x ¼ x1; . . . ; xn , which
add up to the normalised budget of
100 per cent:
(
n
X
0
I ¼ ðx1 ; . . . ; xn Þ j
xi ¼ 1;
i¼1

xi  0;

)

An investment strategy Inv(x(t),t) is
defined as a series of asset allocations
over a time interval [0,T]. Portfolios are
reallocated iteratively at specified
rebalancing points of time, denoted by
tj [ [0, T], j ¼ 0, . . . , J and then held
constant over the holding period H
(in days) until the next rebalancing point
of time tjþ1:

xi ðtj  1Þyi ðtj Þ

i¼1

¼

n
X

xi ðtj Þyi ðtj Þ:

i¼1

8tj [ ½0; T;
j ¼ 1; . . .; J:

ð4Þ

xðtÞ ¼ ðx1 ðtÞ; . . .; xn ðtÞÞ0
the vector of asset weights at t and
yðtÞ ¼ ðy1 ðtÞ;. . . ;yn ðtÞÞ0
the vector of the corresponding
market prices at t.
Summarising, an investment strategy
Inv(x(t),t) is described by a set of
asset allocations, which satisfies the
following conditions:
ðiÞ InvðxðtÞ;tÞ
:¼ fxðtÞ ¼ ðx1 ðtÞ; . . .; xn ðtÞÞ0

ð2Þ

Asset weights are fixed at the rebalancing
points of time and held constant over the
holding period:

8tj [ ½0; T; j ¼ 0;. . . ; J :
xðtj Þ ¼ xðtj þ kÞ;k ¼ 1; ... ;H  1:
ð3Þ
At the rebalancing points of time
the asset weights are rebalanced in
such a way that the total market
value of the portfolio is not
changed, as described by the following
338

,

n
X

where

i ¼ 1; . . . ; n : ð1Þ

tj [ ½0;T; t0 ¼ 0; tjþ1 ¼ tj þ H;
j ¼ 0; . . . ; J  1:

kxðtj  1Þ, yðtj Þl ¼ kxðtj Þ, yðtj Þl

t [ ½0;T;
ðiiÞ ðx1 ðtÞ;. . . ;xn ðtÞÞ0 [ I;
ðiiiÞ xðtÞ
satisfying equ. (3) and (4)g.

(5)

In the following the definition of
an investment strategy is further
specified in order to define
risk-minimising investment strategies.
In a first step, investment
strategies are defined which
minimise the diversifiable risk.
An optimisation model is
formulated, which periodically is
solved, thus generating a series of
diversifiable risk-minimising
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asset allocations. In a second step the
investment strategy is embedded into
a dynamic framework of portfolio
insurance, thus controlling the
systematic risk over the investment
period.

with respect to a specified return
benchmark:

Step 1: Generating diversifiable
risk-minimising investment
strategies

(ii) w. r. t. mPF ¼

In the following the question is addressed
as to how portfolio weights are adjusted at
every rebalancing point of time tj [ [0,
T], j ¼ 0, . . . , J. Different rebalancing
criteria have been suggested in the
literature in the context of dynamic asset
allocation.13 Often one risky asset,
represented by an index, is applied, or the
portfolio is reallocated according to a
predefined constant mix. In this paper a
modified Markowitz portfolio optimisation
approach is suggested to rebalance the asset
weights, in order to periodically minimise
the diversifiable risk of the portfolio at
every rebalancing point of time.
Traditional Markowitz portfolio
optimisation approach
Modern approaches of
asset allocation go back to the
traditional concept of Markowitz
portfolio optimisation. Markowitz
suggested a mean – risk optimisation
framework for investment choice and
asset allocation based on the risk
measure of portfolio variance.
According to his framework, investors
are risk averse and respond to the
uncertainty of profits by selecting
portfolios that yield a specified
risk-return trade-off.2 The Markowitz
portfolio optimisation problem can
be represented in the following form
(P), where portfolio risk is minimised

ðiÞ ðPÞ Min

s 2PF ¼

n P
n
P

xi xj COVij

i¼1 j¼1

n
X

xi mi ¼ rBM ;

i¼1
n
X

xi ¼ 1; xi  0; i ¼ 1; . . . ; n:

ð6Þ

i¼1

where
s2PF
COVij
mPF
mi
rBM

the portfolio variance,
the covariance of asset i and j,
the expected portfolio return,
the expected return of the i-th asset,
the return benchmark.

The original model was built in a
one-period framework. The optimal
solution minimises the diversifiable risk
and yields optimal portfolio
diversification. The Markowitz model
frequently was criticised as underlying
assumptions do not hold in reality,
especially with respect to the assumption
of normally distributed asset returns.3,4
The model does not address any
protection against systematic market risk.
Use of new risk measures
Various extensions of the classical mean –
variance framework have been suggested.
Assumptions on underlying asset returns
have been generalised and different
asymmetric downside risk measures have
been suggested for application in the
mean – risk optimisation framework.15,16
More recently the attention moved on to
newer percentile characteristics such as
VaR or CVaR,4,5 which are the focus of
this paper.
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The a%-VaR represents the
a%-quantile of the random portfolio loss
L(x), which is described by:4
VaRa ðLðxÞÞ ¼ inf fz [ <jPðLðxÞ  zÞ
ð7Þ
 ag:
While VaR measures the worst loss,
which can be expected with a certain
probability, it does not provide any
information on extreme losses beyond
VaR, which is in the focus of the risk
measure CVaR. CVaR, also denoted as
mean excess loss, expected shortfall, or
tail VaR, yields information on the losses
which are expected in the case that losses
exceed VaR. For continuous distributions
the a%-CVaR is defined as the
conditional expectation beyond VaR:4
CVaRa ðLðxÞÞ ¼ E½LðxÞjLðxÞ
 VaRa ðLðxÞÞ:

ð8Þ

This definition has been modified for
discontinuous loss functions to consider
jumps of the distribution function at the
a-quantile.17,18
Recent streams of research have
discussed the issue of choosing
appropriate risk measures in the context
of risk assessment and portfolio
optimisation. Discussions affecting the
choice between VaR and CVaR are based
on various aspects, eg the differences of
their mathematical properties, stability of
statistical estimation, implementation of
optimisation procedures or acceptance by
regulators.4,19 – 22 It was shown that
CVaR has superior mathematical
properties in comparison to VaR. It
represents a convex function and a
coherent risk measure in the sense of
Artzner et al.,23 as well as a coherent
deviation measure in the sense of
Rockafellar et al.24 CVaR can be
340

optimised and constrained by linear
programming methods, whereas VaR is
more difficult to optimise, as VaR is not
convex and may yield different local
extrema, if returns are not normally
distributed.4 On the other hand, VaR
disregards the tail of the distribution
beyond VaR, for which typically only
poor estimates are available. Estimates
based on VaR therefore often turn out
to be more stable than those based on
CVaR. Nevertheless CVaR provides an
adequate picture of risks reflected in
extreme tails, if the extreme tail losses are
correctly estimated.20 In fact, no distinct
conclusion can be drawn from existing
literature on the superiority of one or the
other risk measure.
Modified Markowitz optimisation
approach
This paper follows newer approaches of
mean-risk portfolio optimisation, which
generalise the underlying assumptions of
the traditional Markowitz model with
respect to the use of risk measure and
assumptions on the underlying asset return
distributions, as discussed in the previous
section. While the traditional Markowitz
optimisation approach uses the risk
measure of portfolio variance and relies on
the assumption of normal distributed asset
returns, the optimisation approach
followed in this paper incorporates
skewness and non-normal behaviour of
asset returns; and therefore also is referred
to as a generalised Markowitz optimisation
model.25
Let r(x) denote a risk measure, ie a
real valued function r: <n ! <, which
assigns the associated risk to the portfolio
x ¼ (x1, . . . , xn)0 . Using this general
definition of a risk measure and referring
to the above equation (6), a modified
mean-risk Markowitz optimisation can
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follows:

be formulated as follows:

ðiÞ Invdiv risk min ðxðtÞ; tÞ
ðiÞ

0

ðP Þ Min rðxÞ

ðiiÞ w. r. t. mPF ¼
n
P

n
P
i¼1

:¼ fxðtÞ ¼ ðx1 ðtÞ; . . . ; xn ðtÞÞ0 ;
xi mi ¼ rBM ;

t [ ½0; T;
ðiiÞ ðx1 ðtÞ; . . . ; xn ðtÞÞ0 [ I;

xi ¼ 1; xi  0; i ¼ 1; . . . ; n:

i¼1

ð9Þ

ðiiiÞ ðx1 ðtÞ; . . . ; xn ðtÞÞ0 satisfying
equ: ð3Þ and ð4Þ;
ðivÞ ðx1 ðtj Þ; . . . ; xn ðtj ÞÞ0 solving

In the case study presented below, the
general risk measure r(x) in the
objective function is specified by the
risk measures VaR and CVaR on
different confidence levels. Rockafellar
and Uryasev have shown that, in the
case where asset returns follow a
normal distribution, the optimal
solutions of the optimisation problem
(P0 ) are identical if the risk measure
r(x) is defined either in terms of VaR,
CVaR or standard deviation.4 Yet it
frequently turns out that asset returns
lack fitness of normal distributions, thus
the use of appropriate risk measures
becomes a prevailing issue of investment
choice.

Definition of diversifiable
risk-minimising investment
strategies
A diversifiable risk-minimising
investment strategy is defined by an
investment strategy, which minimises the
diversifiable risk periodically and solves
the above optimisation problem (P0 ) in
equation (9) at the rebalancing points of
time tj [ [0, T], j ¼ 0, . . . , J. Specifying
the general definition of an investment
strategy in the equation (5) above, a
diversifiable risk-minimising investment
strategy Invdivrisk_min(x(t),t) is described as

ðP0 Þ
in equ: ð9Þ
8 tj [ ½0; T;
j ¼ 0; . . . ; Jg:

ð10Þ

Referring to line (iv) in equation (10),
the investment horizon H of the
investment strategy and the holding
period, which is applied to estimate risk
and return ratios in the periodical
portfolio optimisations (P0 ), coincide, ie
the risk and return ratios, which are
applied in the portfolio optimisation at tj,
are estimated to the next rebalancing
point of time tjþ1.

Step 2: Embedding investment
strategies into dynamic
portfolio insurance
Definition of portfolio insurance
and risk-minimising investment
strategies
In the second step portfolio insurance
is applied on the diversifiable
risk-minimising investment strategies, as
derived from step 1 above, in order to
achieve protection against systematic
risk. As both the minimisation of the
diversifiable risk and the control of the
systematic risk are addressed, the
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resulting investment strategies are
referred to as risk-minimising investment
strategies. Portfolio insurance aims to
maintain a specified minimum portfolio
value over the investment period.
Portfolio insurance thus intends to alter
the return distribution in such a way that
downside risk is limited, while upside
potential is preserved to some extent.26 In
order to achieve protection, the portfolio
value on a daily basis is compared to the
floor level. If the specified floor is
reached assets are reallocated to a riskless
asset according to the specified insurance
strategy.
Formally, the risk-minimising investment
strategy, in the following denoted by
Invriskmin(x(t),t), is derived from the
above equation (10) by incorporating an
additional asset, the cash position, into
the investment universe, into which the
risky portfolio is shifted, if the floor level
is reached. The vector of the asset
weights then is given by
x ¼ (x1, . . . , xn, xnþ1)0 , where the asset
xnþ1 represents the additional cash
position and ynþ1 the corresponding
market price. A further condition is
included into the strategy definition,
requiring that the portfolio value is to be
maintained above the floor level floor(t).
Summarising, a risk-minimising
investment strategy Invriskmin(x(t),t) is
described by:

ðiÞ

Invrisk min ðxðtÞ; tÞ
:¼ fðx1 ðtÞ; . . . ; xn ðtÞ; xnþ1 ðtÞÞ0 ;
t [ ½0; T;

ðiiÞ ðx1 ðtÞ; . . . ; xn ðtÞÞ0 [ I;
ðiiiÞ ðx1 ðtÞ; . . . ; xn ðtÞÞ0 satisfying
equ: ð3Þ and ð4Þ;
342

ðivÞ ðx1 ðtj Þ; . . . ; xn ðtj ÞÞ0 solves
ðP0 Þ
in equ: ð9Þ
8 tj [ ½0; T;
j ¼ 0; . . . ; J;
ðvÞ PVðtÞ ¼

nþ1
X

xi ðtÞyi ðtÞ

i¼1

 floorðtÞ 8 t [ ½0; Tg:
ð11Þ
In the following a survey is given on
different concepts of portfolio insurance.
Subsequently the strategies, which are
applied in the case study, are introduced.
Survey on concepts of portfolio
insurance
Different insurance strategies have been
suggested in the literature. The origins of
portfolio insurance date back almost 40
years, when Leland and Rubinstein27
suggested synthetic put creation. In
the subsequent time a wide field of
research evolved on the development of
different concepts of portfolio insurance.
Portfolio insurance strategies can be
classified into static and dynamic
strategies, depending on how often
the portfolio is reallocated. Whereas
static strategies require at most one
reallocation, dynamic strategies require
more than one allocation over time, as
with eg the constant proportion portfolio
insurance strategy (CPPI)28,29 or time
invariant portfolio protection (TIPP),30
which are regaining increasing attention
in practical applications and are
considered in the case study.
Portfolio insurance strategies can also
be distinguished by the use of
instruments. Some strategies use options,
as with eg the protective put strategy;
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other strategies perform portfolio
insurance by a systematic shift between
the risky portfolio and a cash asset
without the use of options, as with the
stop-loss strategy and also the strategies
CPPI and TIPP.
The impacts of portfolio protection
have been analysed in various settings,
based on historical data as well as on
Monte Carlo simulations and focusing on
different aspects, eg total performance,
payoff patterns or risk-return ratios
describing the return distribution.13,27 – 31
Existing literature does not yield any
clear picture on the superiority of certain
portfolio insurance strategies. Rather the
appropriateness of using special strategies
seems to depend on specific market
conditions under consideration.
Therefore, the concept of
risk-minimising investment strategies
leaves open which specific portfolio
insurance should be applied. In the
case study presented below, insurance
strategies are considered, which achieve
protection by shifting portfolio weights
between a riskless asset (cash position)
and the portfolio of risky assets. The
focus is on the stop-loss strategy and on
the dynamic strategies CPPI and TIPP,
which are described next. Thereby the
following notations are applied:
PV(t) the portfolio value at t,
N
the initial investment,
T
the end of the investment period,
F
the protection level (‘floor’),
rf
riskless rate.

Stop-loss strategy
The stop-loss strategy represents a
simple strategy of portfolio insurance.
Under stop loss, an investment in the
risky asset is maintained as long as the
current value of the portfolio is greater

or equal to a specified protection level
(‘floor’). The strategy requires liquidating
the risky position if the current value
PV(t) reaches the given floor. The
strategy can be specified either by a
constant stop-loss level or by a stop-loss
level at the investment horizon, which is
applied in the case study below:
(1)

Constant stop-loss level:
PVðtÞ  F;

(2)

Stop loss at investment horizon:
PV(t)  exp[2rf(T 2 t)]F.

(12)

The stop-loss strategy is path dependent
and it does not yield any upside
potential once the floor is reached, as there
is no reinvestment in the risky asset. It
bears gap risk, if the prices fall below the
target level before the position can be sold.
Constant proportion portfolio
insurance (CPPI)
The concept of CPPI goes back to work
by Perold28 and Black and Jones.29 It
comprises a set of trading rules, which
systematically shift funds between a risky
asset and a risk-free asset in order to
guarantee the desired floor, while
preserving an upside potential of a
portfolio.
The CPPI is a dynamic strategy. The
concept basically assumes that a total
loss of the risky asset is very unlikely.
The risky asset may lose some value,
represented by a multiplier ‘m’ of the
strategy. A given risky budget is invested
m times. The portfolio value may drop
by the factor 1/m within the liquidation
period without missing the target level.
The higher the multiplier m is chosen,
the higher the risk of the investment;
however, the portfolio value may
drop faster in the case of a market
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decline. The determinants of the CPPI
strategy are:
† The floor (F(t)): The floor corresponds to
the minimum portfolio value, which is to
be maintained over the investment
period. It grows at the riskless rate. It
corresponds to the discounted minimum
target level F:
FðtÞ ¼ exp½rf ðT  tÞ

ð13Þ

† The cushion (C(t)): The cushion is
calculated as the difference of the current
portfolio value to the floor.
CðtÞ ¼ PVðtÞ  FðtÞ
¼ PVðtÞ  exp½rf ðT  tÞ
ð14Þ
† The multiplier (m): The multiplier m
takes on values larger than 1 and
determines the risk level of the CPPI
strategy.
† The exposure (E(t)): The exposure
represents the portion of the portfolio
allocated to the risky asset. It corresponds
to the specified multiple of the cushion
C(t).
EðtÞ ¼ mCðtÞ:

ð15Þ

The algorithm of the CPPI insurance is
summarised in Figure 2.13,29

The CPPI strategy insures a floor of
the portfolio performance. It is path
dependent. In case the exposure E(t)
drops to zero, only the minimum target
level is reached. The CPPI strategy bears
gap risk like the stop-loss strategy. Once
the floor level is reached, CPPI remains
invested in the riskless asset. It does not
capture upside potential in recovering
markets, and it does not protect gains
above the floor level.
Time invariant portfolio protection
(TIPP)
TIPP was first suggested in 1988 by Estep
and Kritzman.30 It represents a
modification of the CPPI strategy. The
TIPP strategy also aims to protect a preset
floor. In contrast to the CPPI strategy, the
floor is permanently adjusted as a specified
percentage of the highest value the
portfolio has reached. The
parameters correspond to those of the
CPPI strategy, except that the floor is
defined as a percentage of the current
portfolio value (F(%)).The algorithm of the
TIPP strategy is summarised in Figure 3.30
The TIPP strategy insures a floor of
performance. In upward-moving
markets, the floor level is increased. In
contrast to the CPPI strategy, gains are
protected in this strategy. On the other
hand, by raising the floor in upwardmoving markets, the upside gain

Figure 2: Algorithm of the CPPI strategy
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Figure 3: Algorithm of the TIPP strategy

potential is limited, as the risky asset is
decreased in an increasing market. Once
the floor level is reached and the
portfolio is shifted into the riskless asset,
the strategy starts reinvesting into the
risky portfolio by the interest earned on
the riskless asset, thus allowing the
portfolio value to recover from a
drawdown. The TIPP strategy is also
path dependent and bears gap risk.

Summary
In this section a concept of
risk-minimising investment strategies was
introduced. In the first step investment
strategies were derived which
periodically minimise the diversifiable
risk, as summarised in equation (10). In
the second step the investment strategies
were embedded into a dynamic
framework of portfolio insurance in
order to achieve additional protection
against the systematic market risk,
as described by equation (11).
Summarising, a risk-minimising
investment strategy represents a series
of asset allocations,
– which solve a risk-minimisation problem
at all rebalancing points of time in order
to minimise the diversifiable risk for each
one holding period, and

– which control the systematic risk in a
dynamic framework over the investment
period.

In the description of risk-minimising
investment strategies no certain risk
measure or portfolio protection strategy
was recommended for application. As
discussed, no clear conclusion can be
drawn from the existing literature on the
general superiority of one special risk
measure or a special insurance strategy. In
fact, it depends on the respective market
conditions and applications in view, as
examined in the case study presented in
the following section.

CASE STUDY ON
RISK-MINIMISING
INVESTMENT STRATEGIES
Survey on the case study
Objective of the case study
The case study aims to exemplify the
approach of risk-minimising investment
strategies, as suggested in the previous
section, and to analyse the impacts of
minimising diversifiable risk and
controlling the systematic risk in the
context of the recent financial crisis. The
investment strategies are specified by the
use of the downside risk measures VaR
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and CVaR, and by an application of the
portfolio protection strategies stop loss,
CPPI and TIPP. The primary purpose of
the case study is to illustrate the underlying
concept, rather than simulating a
real-world investment example, which
is beyond the scope of this paper.
The performance of specific investment
strategies and portfolio insurance strategies
is analysed in a simplified portfolio setting,
which is based on historical data
comprising the recent financial crisis. The
following questions form the focus of the
case study:
† Questions with respect to minimising
diversifiable risk:
— Which impact does portfolio
optimisation have on the performance
of the investment strategies (in
relation to the criterion of constant
rebalancing)?
— Does the choice of the risk measure
in the optimisation have an effect on
the performance of the investment
strategies?
† Questions with respect to controlling the
systematic risk:
— How does portfolio insurance affect
the performance of investment
strategies?
— Can any conclusion be drawn, which
aspects have greater impact:
(i) minimising the diversifiable risk
(by portfolio optimisations) or
(ii) controlling the undiversifiable risk
(by applying portfolio insurance)?

Proceeding of the case study
The case study consists of two steps,
which correspond to the proceeding of
the general strategy derivation in the
previous section. In step 1, investment
346

strategies are defined and analysed, which
minimise the diversifiable risk. The
strategies are generated by periodical
CVaR- and VaR-minimisations for
the time period under consideration,
comprising the recent financial crisis and
a subsequent phase of market recovery.
Next, three constant rebalancing
investment strategies are generated.
The performance of the diversifiable
risk-minimising investment strategies
is compared to the performance of the
constant rebalancing investment strategies
in order to analyse the impacts of
diversifiable risk-minimisation.
In step 2 of the case study, portfolio
insurance is applied on the investment
strategies derived from step 1, in order to
achieve protection against systematic risk.
The insurance strategies of stop loss,
CPPI and TIPP are considered, which
have been introduced in the previous
section. In order to analyse the impacts
of portfolio insurance in the time period
under consideration, the performance of
the insured investment strategies is
analysed and compared to the
performance of the investment strategies
without portfolio protection, as
generated in step 1, thus addressing the
third and fourth questions above.
In the following the strategies generated
in step 1 are referred to as the ‘unsecured’
investment strategies, as they are not
secured against systematic risk, in contrast
to the ‘secured’ investment strategies
achieved in step 2, on which portfolio
insurance is applied. The term ‘secured’ in
this context refers to protection against the
systematic risk. Table 1 gives a survey on
the proceeding of the case study.
Focus of the case study
The primary purpose of the case study is
to illustrate the underlying conceptual
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Table 1: Survey on different risk-minimising investment strategies
generated in the case study

methodology, and to analyse the impacts
of risk minimisation and systematic risk
control. Therefore a simplified portfolio
setting is selected. The presented
two-asset case may be extended
straightforwardly to a portfolio consisting
of several assets.
The case study focuses on a
performance analysis in the context of the
recent financial crisis, when extreme losses
occurred in financial markets. Different
criteria have been suggested for a
performance analysis of investment
strategies.13,31 In the case study the
investment strategies are analysed with
respect to their performance progression
over the investment period and their total
profit and loss at the end of the investment
period. The return distributions as well as
mean, minimum and maximum returns
are examined. In order to compare the
level of risk of the investment strategies,
risk ratios are analysed which are different
from those used as risk minimisation
criteria in the optimisations.

Step 1: Generating investment
strategies
Objective and proceeding of step 1
of the case study
In step 1 of the case study the different
‘unsecured’ investment strategies are

generated by applying periodical
mean-risk optimisation problems, as
formulated in the above equation (9).
Three diversifiable risk-minimising
investment strategies are generated
according to equation (10) above and
based on the risk measures VaR and
CVaR. In order to analyse the impacts of
risk minimisation, in addition,
three investment strategies are
generated by reallocating the portfolio
assets to a constant mix on the
rebalancing days.
Input data and parameter settings
The investment universe consists of
two risky assets, the Dow Jones-UBS
Commodity Index and the Stoxx
Europe 50 Index. The set of possible
asset allocations is represented by the
vector x ¼ (x1, x2)0 of the two assets,
where x1 denotes the portfolio weight
invested in the Dow Jones-UBS
Commodity Index and x2 the asset
weight invested in the Stoxx Europe
50 Index. The set of possible
asset allocations I is represented by:
I ¼ fx ¼ ðx1 ; x2 Þ0 j x1 þ x2 ¼ 1;
x1 ; x2  0g:
ð20Þ
The investment horizon H is defined by
a period of ten trading days, ie the
portfolios are re-allocated at the
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rebalancing points of time every ten
trading days. The investment strategies
are generated for the investment period
[0,T], starting on 2nd January, 2008 to
31st May, 2010, thus comprising the
period of the most recent financial
crisis and subsequent upward market
movements and consisting of 63
rebalancing points of time denoted by tj,
j ¼ 0, . . . , 62.
At every rebalancing point of time
tj [ [0, T], the methodology of historical
simulation is applied to forecast the
return distribution to the next
rebalancing point of time tjþ1.32 The
empirical distribution of asset prices is
achieved by re-evaluating the current
portfolio by the ten day-log returns
observed in the historical sample. The
generated sample of future prices at tjþ1 is
used as input for the mean-risk
optimisation at tj.4
In the case study a total sample of
historical data is used, covering the time
period from 2nd January, 1991 to 31st
May, 2010, as illustrated in Figure 4.33,34
For the mean-risk optimisations on
the rebalancing days tj, j ¼ 1, . . . , 62,
rolling subsets of the given total historical

data sample are applied. The subset used
at the first rebalancing point on 2nd
January, 2008 (t0) reaches back from
2nd January, 1991 to 31st December,
2007. The subset of the historical data
then is stepwise rolled forward by
ten trading day periods to each next
rebalancing point of time tj, thus
each data subset, used as input for
the portfolio optimisations at tj,
comprises the identical sample size of
4,395 observations.
The methodology of historical
simulation has become popular in
financial risk management, as it is easy
to implement and does not rely on
additional assumptions and parameter
estimations.35 Also it directly deals with
the choice of the investment horizon, as
returns are measured over intervals that
correspond to the length of the
horizon.36 On the other hand, historical
simulation has been criticised for
technical weaknesses and little forecasting
power.35,36 As the objective of this paper
is to demonstrate and analyse the
underlying conceptual methodology,
historical simulation is applied despite
its shortcomings. Table 2 summarises the

Figure 4: Historical data used in the case study
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Table 2: Parameter set-up of step 1 of the case study
Investment period
Starting point
End point
Rebalancing points
Holding period
Assets

[0, T]
t0
tT
tj ¼ j*H,
H
x1
x2

Historical data set

2nd January, 2008
31st May, 2010
j ¼ 0, . . . , 62
10 trading days
DJ UBS
Commodity Index (DJUBEUTR)
Stoxx Europe 50 Index (EU0009658178)
2nd January,1991–31st May, 2010

Sources: Dow Jones-UBS Commodity Index; available at: www.djindices.com (accessed 20th October, 2010). Stoxx Europe 50 Index,
available at: www.yahoo.com (accessed 20th October, 2010).

parameter settings and required input data
for step 1 of the case study.
Set-up of the optimisation
problems
In order to generate the investment
strategies based on portfolio
optimisations, at every rebalancing
point of time mean-risk optimisations
are conducted. Asset weights are
adjusted according to the optimal
solutions of the portfolio optimisation
problems and then kept constant over
the holding period until the next
rebalancing day.
In the following the set-up and the
specification of the general optimisation
model from equation (9) are described. At
first the definition of a return benchmark
rBM is considered. As the minimum of
expected asset returns of samples before
the financial crisis exceeded the maximum
expected asset returns of samples
comprising periods of the market crisis, no
common return benchmark can be
determined from the empirical
distributions which yields feasible solutions
for all optimisation problems. Moreover,
an identical return benchmark rBM used in
all optimisations (P0 ) over the investment
period would refer to solutions of different
levels of risk. Therefore, the specification

of a common constant return benchmark
is abandoned. Instead, at every rebalancing
point of time the overall risk minimum
portfolio is identified. In this way, a
homonymous optimisation criterion is
applied to all optimisations over the
investment period.
Before specifying the risk measures
applied in the objective function of the
optimisation problem, the empirical
distributions of the underlying asset returns
are analysed. A test of goodness of fit is
conducted to analyse if the asset returns are
normally distributed. According to
Rockafellar and Uryasev, the optimal
solutions of the optimisation problem using
risk measures VaR, CVaR or standard
deviation coincide if asset returns follow a
normal distribution.4 Based on a X2-test
for the test of normality of asset returns,
the hypothesis of normal distribution of
the asset returns is rejected at the 99.9 per
cent confidence level for both assets. For
additional illustration, Figure 5 shows the
frequency distribution of the asset returns.
The black graph depicts the corresponding
normal distribution.
As the asset returns are not normally
distributed, different risk measures are
applied in the optimisation models in
order to analyse their impact on
diversifiable risk minimisation. VaR and
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Figure 5: Frequency return distributions of underlying assets

CVaR are defined as deviation measures in
the sense of Rockafellar and Uryasev.24
The loss function L in this case is defined
as a negative deviation from an expected
outcome: L(x, y) :¼ E[y]0 x-y0 x.
In the case study the confidence level
is specified by a ¼ 99%. Yet, VaR and
CVaR are difficult to compare even at
the same confidence level, as they are
representing different levels of risk.
Indeed, for a specific portfolio x it is
possible to determine a confidence
level a*, such that a-VaR(x) 
a*-CVaR(x). Nevertheless the choice
of a* is dependent on the specific
composition of the portfolio x and
cannot be applied as an ex ante
optimisation criterion. In the case
study therefore the 99%-VaR is
compared to CVaR in terms of an
upper and lower bound. By definition,
the 99%-CVaR represents an upper
bound of the 99%-VaR. By an
examination of the empirical return
distributions generated at all rebalancing
points of time, the 95%-CVaR of all
portfolios under consideration was lower
than the 99%-VaR and therefore is
applied in the case study as the lower
bound of the 99%-VaR.
Summarising, the following problem
specifications (P1), (P2) and (P3) are
derived from the general optimisation
problem (P0 ) in equation (9)
350

above, which are applied in the case
study to generate the different
diversifiable risk-minimising
investment strategies:
ðP1 Þ Minimisation of 99%-CVaR:
ðiÞ Min CVaR99% ððx1 ; x2 ÞÞ
ðiiÞ w. r. t. x1 þ x2 ¼ 1; x1 ; x2  0:
ðP2 Þ Minimisation of 99%-VaR:
ðiÞ Min VaR99% ððx1 ; x2 ÞÞ
ðiiÞ w. r. t. x1 þ x2 ¼ 1; x1 ; x2  0:
ðP3 Þ Minimisation of 95%-CVaR:
ðiÞ Min CVaR95% ððx1 ; x2 ÞÞ
ðiiÞ w. r. t. x1 þ x2 ¼ 1; x1 ; x2  0:
ð21Þ
The CVaR-optimisation problems (P1)
and (P3) are solved by an application of
the Rockafellar and Uryasev
optimisation algorithm.4 The algorithm
uses a sample of price scenarios as input
for the risk estimation. As described in
the previous section, at every
rebalancing point of time tj therefore an
empirical distribution of future returns
at tjþ1 is generated by a historical
simulation on the corresponding subset
of the data sample. The VaRoptimisations in the problem (P2) are
solved by quantile minimisations on the
given empirical data set. (Different
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starting points are applied, as the
VaR-optimisations may yield
different local minima owing to the
non-convexity of the VaR-function.
The solutions of the VaR-optimisations
based on different starting points
converged to the solutions presented.)
Generating the investment
strategies
By applying the optimisation problems as
summarised in the above equation (21),
three diversifiable risk-minimising
investment strategies are generated. At
every rebalancing point of time the
risk minimisation problems (P1), (P2)
and (P3) are solved. By specifying
the above definition in equation (10), the
following diversifiable risk-minimising
strategies are applied in the case study:
(1)

Definition of the
99%-CVaR-minimising investment
strategy:
Inv99%CVaR min ðxðtÞ; tÞ
¼ fxðtÞ ¼ ðx1 ðtÞ; x2 ðtÞÞ0 [ I;
xðtÞ satisfying equ. ð3Þ and ð4Þ
xðtj Þ solving ðP1Þ in equ. ð21Þ
8 tj ;
j ¼ 0; . . . ; 62g:

(2)

Definition of the 99%-VaR-minimising
investment strategy:
Inv99%VaR min ðxðtÞ; tÞ
¼ fxðtÞ ¼ ðx1 ðtÞ; x2 ðtÞÞ0 [ I;
xðtÞ
satisfying equ. ð3Þ and ð4Þ;
xðtj Þ solving ðP2Þ in equ. ð21Þ

(3)

Definition of the 95%-CVaR-minimising
investment strategy:
Inv95%CVaR min ðxðtÞ; tÞ
¼ fxðtÞ ¼ ðx1 ðtÞ; x2 ðtÞÞ0 [ I;
xðtÞ satisfying equ. ð3Þ and ð4Þ;
xðtj Þ solving ðP3Þ in equ. ð21Þ
8 tj ;
j ¼ 0; . . . ; 62g:
ð22Þ

In order to analyse the impact of the
risk minimisations, as addressed by the
first listed question above, for
comparison, investment strategies are
generated which rebalance the
portfolios to constant weights. A
constant mix of (80%, 20%), (50%,
50%) and (20%, 80%) thereby is
considered, resulting in the following
investment strategies:
a) Definition of the (80%, 20%)-constant
rebalancing investment strategy:
Invð80%;20%Þconst ðxðtÞ; tÞ
¼ fxðtÞ ¼ ðx1 ðtÞ; x2 ðtÞÞ0 [ I;
xðtÞ satisfying equ. ð3Þ and ð4Þ;
xðtj Þ ¼ ð80%; 20%Þ0
8 tj ;
j ¼ 0; . . . ; 62g:
b) Definition of the (50%, 50%)-constant
rebalancing investment strategy:
Invð50%;50%Þconst ðxðtÞ; tÞ

8 tj ;

¼ fxðtÞ ¼ ðx1 ðtÞ; x2 ðtÞÞ0 [ I;

j ¼ 0; . . . ; 62g:

xðtÞ satisfying equ. ð3Þ and ð4Þ;
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xðtj Þ ¼ ð50%; 50%Þ0

8 tj ;

8 tj ;

j ¼ 0;...;62g:

j ¼ 0; . . . ; 62g:
c) Definition of the (20%, 80%)-constant
rebalancing investment strategy:
Invð20%;80%Þconst ðxðtÞ;tÞ
¼ fxðtÞ ¼ ðx1 ðtÞ;x2 ðtÞÞ0 [ I;
xðtÞ satisfying equ. ð3Þ and ð4Þ;

xðtj Þ ¼ 20%; 80%Þ0

ð23Þ

For all investment strategies derived
according to equations (22) and (23)
above, the daily performance PV(t) is
calculated over the time interval [0,T] on
a daily basis by multiplying the portfolio
weights by the daily prices of the
corresponding indices:
PVðtÞ¼ x1 ðtÞy1 ðtÞþx2 ðtÞy2 ðtÞ;
t ¼ 0;:::;T:

ð24Þ

Figure 6: (a) Performance of the unsecured diversifiable risk-minimising investment strategies;
(b) performance of the unsecured constant rebalancing investment strategies
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Observations on Step 1 of the
case study
The performance PV(t) of the different
investment strategies is illustrated in the
following figures. Figure 6a summarises
the performance of the diversifiable
risk-minimising strategies, as described in
the above equation (22). For comparison,
the performance of the two underlying
single assets is also included using dotted
lines.
The diversifiable risk-minimising
investment strategies yield almost identical
performance before and during the period
of financial crisis, regardless of whether the
99%-VaR, 99%-CVaR or 95%-CVaR are
applied as risk measures. This seems
remarkable, as by definition CVaR captures
extreme losses in a better way than VaR.
Furthermore, in the recovering market in
the second half of 2009, the 99%-VaRminimising strategy yields considerably
higher performance in comparison to both
CVaR strategies of identical and lower
confidence levels. This result seems to some
extent surprising. One might rather have
expected that the 99%-CVaR-minimising
strategy, by definition allowing for higher
risk than the 99%-VaR-minimising strategy,
might yield a higher positive performance
in an upward moving market.
Figure 6b illustrates the results for
the constant rebalancing investment
strategies, as described in equation (23)
above. For comparison, the performance
of the two underlying single assets is
included using dotted lines.
The constant mix strategies show a
greater variation of performance. In the
sideward moving markets of the first half
of 2008 the (80%, 20%)-constant mix
investment strategy yields high
performance, which is even superior to
the VaR- and CVaR-risk-minimising
strategies. The (50%, 50%)- and (20%,

80%)-constant mix investment strategies
yield significantly lower performance. All
strategies face severe losses in the period
of market downturn in the second half of
2008 and beginning of 2009.
Analysing the total performance of all
investment strategies at the end of the
investment period at 31st May, 2010,
which is summarised in Table 3, the
99%-VaR-minimising strategy proves to be
the most stable, yielding a total
performance of 217.13 per cent, followed
by the (80%, 20%)-rebalancing strategy
(220.35 per cent) and the 99%-CVaRminimising strategy (220.68 per cent). The
other constant balancing strategies yield
considerably lower performance than the
risk-minimising strategies. The
performance of the underlying assets is also
included.
The return distributions of the
diversifiable risk-minimising investment
strategies bear lower risk and yield higher
return ratios in comparison to the
constant rebalancing strategies, as
summarised in Table 9 in Annex 2. The
risk of the investment strategies is
analysed by a CVaR-estimation at the
lower confidence levels of 90% and 93%.
Remarkably, the 99%-VaR-minimising
strategy yields the lowest 93%- and
90%-CVaRs. Mean returns of all
strategies over the investment period are
negative. The optimised strategies yield
slightly more stable mean returns than
the (50%, 50%)- and the (20%,
80%)-rebalancing strategy. The
VaR-minimising strategy also proves the
most stable in terms of maximum,
minimum and mean returns.
Summary of findings for step 1 of
the case study
The diversifiable risk-minimising
investment strategies tend to yield more
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Table 3: Total performance of the unsecured investment strategies
Investment
strategies
Inv99%-CVaR min
Inv99%-VaR min
Inv95%-CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const
DJ Commodity
Stoxx Europe 50

Portfolio value
PV(t ¼ 0)
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00

stable performance than the constant
rebalancing investment strategies,
independently of the direction of market
movements. Portfolio optimisation has a
stabilising impact on the performance of
the investment strategies. Focusing on the
period of market crisis in the second half
of 2008 and beginning of 2009,
all investment strategies, regardless of
whether they are optimised or constantly
balanced, face serious losses, from which
they only recover to a lesser extent until
the end of the investment period at 31st
May, 2010.
The example also illustrates that a
constantly rebalancing investment strategy
might yield a better performance by
chance. Yet it is not known in advance
which constant mix strategy will be
superior and should be chosen ex ante.
Choosing the right constant mix remains
a game of hazard from this point of view.
In this case it might have been unlikely
that an investor would have invested into
a long-term asset allocation of 80%
commodities and 20% equities
investment.
Remarkably, in the context of the case
study, the choice of the downside risk
measure in the optimisations does not
have any significant impact on the
performance of the investment strategies
in the period of market decline. By
354

Portfolio value
PV(t ¼ T)
79.32
82.87
79.00
79.65
77.79
74.95
80.32
72.58

Total profit
and loss
220.68%
217.13%
221.00%
220.35%
222.21%
225.05%
219.68%
227.42%

its technical definition CVaR has
methodological advantages and captures
tail risk in a better way than VaR. Yet
it does not show its strengths in the
example under consideration. In the
recovering market, the VaR-minimising
strategy yields a superior performance
with respect to both CVaR-minimising
strategies.
Step 1 of the case study illustrates that
portfolio optimisation has a positive
impact on the performance of the
investment strategies independently of
the direction of market movements.
However, it also exemplifies that
portfolio optimisation does not protect
against serious losses in times of
systematic market crises.

Step 2: Applying portfolio
insurance
Objective and proceeding of
step 2 of the case study
In step 2 of the case study additional
portfolio insurance is applied on the
investment strategies derived from step
1. The impact of reducing the systematic
market is analysed, as addressed by the
third and fourth listed questions above.
The portfolio insurance by stop loss,
CPPI and TIPP is applied.
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Parameter setting of step 2 of
the case study
The following parameters are chosen
for step 2 of the case study. With
respect to the CPPI and the TIPP
strategies, the strategy multiplier is
specified by m ¼ 5. This corresponds to
a typical setting in practical applications
and also ensures that the CPPI and the
TIPP strategies are fully invested in the
risky portfolio at the beginning of the
investment period. Portfolio insurance is
conducted on a daily basis. Further
settings are applied as summarised in
Table 4.
As the case study aims to illustrate the
underlying methodology rather than
simulating a real-world investment
example, further strategy specifications
of practical applications, eg transaction
costs, trading filters or others, are not
considered in the case study.

Observations on step 2 of the
case study
Observations of applying stop-loss insurance

The following figures summarise the
performance of all investment strategies
under the stop-loss insurance and may be
compared to the performance of the
unsecured strategies in Figures 6a and 6b
above. Figure 7a displays the results for
diversifiable risk-minimising investment
Table 4: Parameter set-up for step 2
Strategy start
Strategy end
Strategy multiplier
Investment amount
Floor percentage
Floor
Risk-free rate of
return

t ¼ 0 2nd January,
2008
t ¼ T 31st May, 2010
m
5
N
100
F(%) 80%
F
80
1.50%
rf

strategies, Figure 7b for the constant
rebalancing investment strategies.
The figures illustrate that the
application of stop-loss insurance results
in an identical total performance of all
investment strategies at the end of the
investment period, as in October 2008
all strategies hit the floor level. The
risky portfolio is shifted into the
riskless asset in all cases, yielding an
identical total loss of 220 per cent.
This results in more stable results with
respect to the unsecured case for
all strategies except the
99%-VaR-minimising strategy. The
upside potential in recovering markets
is not captured by the stop-loss
strategy. Figure 7a also highlights that
the use of different risk measures in
the optimisations does not have a
significant impact on the performance
of the investment strategies; as the
performance graphs show almost
identical progression. The detailed
progression of the stop-loss strategy for
the 99%-CVaR-minimising and the
99%-VaR-minimising investment
strategies is illustrated in Figures 16 and
17 in Annex 3. Table 5 summarises the
total performance of the stop-loss
insured investment strategies.
Comparing the return frequency
distributions of the unsecured and the
stop-loss insured investment strategies, a
reduction of the tails of the distribution
under stop loss can be observed, as
illustrated in Figures 12 and 13 in
Annex 1. Under stop loss, maximum
losses as well as maximum returns are
reduced, as summarised in Table 10 of
Annex 2.
Observations of applying CPPI insurance

The following figures illustrate the
performance of CPPI insured
risk-minimising strategies (Figure 8a) and
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Figure 7: (a) Performance of the risk-minimising investment strategies under stop-loss insurance;
(b) performance of the constant rebalancing investment strategies under stop-loss insurance

constant mix rebalancing strategies, the
(Figure 8b). The charts illustrate that
the application of CPPI insurance
yields an identical total performance at
the end of the investment horizon for
all investment strategies, as all strategies
hit the floor level in October 2008
under the CPPI protection as well. In
comparison to the stop loss and the
unsecured investment strategies, the
performance under CPPI is lower in
the first half of 2008, as cash positions
are built up in this period. The upside
potential of market recovery in the
first months of 2010 is not captured
356

by the CPPI protection either. The
detailed progression of the CPPI
insurance of the 99%-CVaR- and
99%-VaR-minimising investment
strategies is illustrated in Figures 14
and 15 in Annex 3.
Analysing the risk and return ratios
of the resulting return distributions, as
summarised in Table 11 in Annex 2,
the risk measures 90%- and 93%-CVaR
are further reduced under CPPI, and
mean returns are slightly increased with
respect to the unsecured strategies and the
stop-loss insured strategies. Table 6
summarises the total performance
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Table 5: Total performance under stop-loss insurance

Stop loss

Portfolio
value
PV(t ¼ 0)

Portfolio
value
PV(t ¼ T)

Total
performance

Inv99%-CVaR min
Inv99%-VaR min
Inv95%-CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

100.00
100.00
100.00
100.00
100.00
100.00

80.00
80.00
80.00
80.00
80.00
80.00

220.00%
220.00%
220.00%
220.00%
220.00%
220.00%

results of an application of CPPI
insurance on the investment strategies
for the risk-minimising and the
constant rebalancing investment strategies.

Hit floor level
10
10
10
10
08
16

Oct / 2008
Oct / 2008
Oct / 2008
Oct / 2008
Oct / 2008
Sept / 2008

Observations of applying time invariant portfolio
protection (TIPP)

The following figures illustrate the
performance of the TIPP insured

Figure 8: (a) Performance of the risk-minimising investment strategies under CPPI; (b) performance of the
constant rebalancing investment strategies under CPPI
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Table 6: Total performance under CPPI

CPPI

Portfolio
value
PV(t ¼ 0)

Portfolio
value
PV(t ¼ T)

Total
performance

Inv99%-CVaR min
Inv99%-VaR min
Inv95%-CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

100.00
100.00
100.00
100.00
100.00
100.00

80.00
80.00
80.00
80.00
80.00
80.00

220.00%
220.00%
220.00%
220.00%
220.00%
220.00%

risk-minimising strategies (Figure 9a)
and constant mix rebalancing strategies
(Figure 9b).
In comparison to stop loss and CPPI
insurance it can be observed that the

Hit floor level
14
14
14
14
08
16

Oct / 2008
Oct / 2008
Oct / 2008
Oct / 2008
Oct / 2008
Sept / 2008

performance of the investment strategies
is significantly improved under an
application of TIPP insurance. The
initial floor level is maintained. The riskminimising investment strategies almost

Figure 9: (a) Performance of the risk-minimising investment strategies under TIPP; (b) performance of the
constant rebalancing investment strategies under TIPP
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yield identical performance under the
TIPP insurance. For the constant
rebalancing strategies, the (80%, 20%)strategy yields the best performance.
In the second half of 2008 the risky
position of all investment strategies is
rapidly decreased and the corresponding
cash position increased. All investment
strategies hit the floor level under TIPP
in December 2008, thus protecting the
portfolios against further market
downturns. The strategies start
reinvesting into the risky asset in the
beginning of 2009, resulting in a
significantly more stable performance
with respect to the unsecured and the
stop-loss and CPPI secured investment
strategies.
The total loss clearly is reduced in
comparison to the other insurance
strategies and the unsecured investment
strategies. The (80%, 20%)-rebalancing
strategy yields the most stable total result
under TIPP insurance, followed by the
99%-VaR-minimising strategy and both
CVaR-minimising strategies, as is
summarised in Table 7.
Analysing the return ratios, as
summarised in Table 12 of Annex 2, it
can be observed that maximum, mean
and minimum returns are higher under
TIPP in comparison to the other
insurance strategies. The risk measures
90%- and 93%-CVaR are significantly
reduced under TIPP for all investment
strategies as well.
Summary of findings for step 2 of
the case study
Table 8 summarises the total
performance of all investment strategies
at the end of the investment period at
31st May, 2010. The different
investment strategies derived from
step 2 by application of portfolio

insurance are compared to the
unsecured strategies of step 1. The table
highlights that in the period of market
decline under consideration the total
performance is stabilised by applying
portfolio insurance. Yet, upside
potential is not captured in all cases, as
for the VaR-minimising strategy,
the total performance of the unsecured
VaR-strategy is higher than under
stop loss and CPPI insurance.
The risk-minimising strategies yield
similar performance under the
additional portfolio insurance. The
choice of risk measure in the risk
minimisations does not show any
material impact on the performance of
the investment strategies under
portfolio insurance.
The application of stop loss and
CPPI protection secures the predefined
floor level in the period of market
downturns, without capturing any
upside potential in the recovering
markets. The application of TIPP
insurance yields an improved
performance above the predefined floor
level, as the floor level is increased
before the market crisis and upside
potential is captured by a reinvestment
in the risky asset after the market
downturn.
The results for step 2 of the case
study highlight that, in times of
unstable market conditions, when
market declines are to be expected,
portfolio insurance should be applied in
order to protect portfolios against severe
losses. In upward-moving markets,
however, the performance of insured
strategies tends to be lower, as higher
cash positions are maintained. In the
example under consideration, the TIPP
strategy yielded best performance results,
as in addition to the downside
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Table 7: Total performance under TIPP

TIPP

Portfolio
value
PV(t ¼ 0)

Portfolio
value
PV(t ¼ T)

Total
performance

Inv99%-CVaR min
Inv99%-VaR min
Inv95%-CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

100.00
100.00
100.00
100.00
100.00
100.00

87.11
87.73
87.07
89.10
83.71
82.78

212.89%
212.27%
212.93%
210.90%
216.29%
217.22%

Table 8: Comparison of the total performance of all investment strategies
Investment
strategies

Unsecured
(step 1)

Inv99%-CVaR min
Inv99%-VaR min
Inv95%-CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

220.68%
217.13%
221.00%
220.35%
222.21%
225.05%

protection the strategy also captured
upside potential and locked in gains.
Nonetheless, the assessment of future
market movements and the decision on
the application of portfolio insurance is
left to the investor.
Figures 10 and 11 summarise the
application of the portfolio insurance

Stop
loss
(step 2)

CPPI
(step 2)

TIPP
(step 2)

220.00%
220.00%
220.00%
220.00%
220.00%
220.00%

220.00%
220.00%
220.00%
220.00%
220.00%
220.00%

212.89%
212.27%
212.93%
210.90%
216.29%
217.22%

strategies on the 99%-CVaR- and the
99%-VaR-minimising investment
strategies. The charts highlight that the
best performance is achieved under the
TIPP insurance. The charts also
illustrate that the downside protection
is achieved at the cost of upside
potential.

Figure 10: Performance of the 99%-CVaR-minimising investment strategies
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Figure 11: Performance of the 99%-VaR-minimising investment strategies

SUMMARY AND
CONCLUSION
In this paper an approach for risk –
minimising investment strategies was
discussed, which combines concepts of
portfolio optimisation and portfolio
insurance. Investment strategies were
generated by embedding revolving
one-period optimisations into a
framework of dynamic asset allocation,
which minimises the diversifiable risk
and controls the systematic market risk
over the investment period. A case
study was presented to demonstrate the
suggested methodology and to analyse
the impacts of minimising diversifiable
risk and controlling the systematic risk
using the focus of the recent financial
crisis. With respect to the portfolio
optimisations, the newer risk measures
VaR and CVaR were used in the risk
minimisations, and the stop loss, CPPI
and TIPP strategies were applied for
portfolio insurance.
The case study demonstrated that,
independently of the direction of
market movements, portfolio
optimisation improves the performance
of investment strategies. Remarkably,

the choice of risk measure in the
optimisations did not have any
significant impact on the performance
of the investment strategies in the
period of market decline. The example
also illustrated that a constant mix
rebalancing investment strategy might
yield better performance results
by chance.
The case study also highlighted that
portfolio optimisation does not protect
portfolios against severe losses owing to
systematic market movements. In the
period of the financial crisis under
consideration all portfolios, regardless of
whether constantly rebalanced or
optimised, faced drastic downturns. By
the application of portfolio insurance,
the performance of all investment
strategies was stabilised. Target floor
levels were maintained, although at the
cost of lower upside potential.
The TIPP strategy yielded the best
performance results, as in addition to
the downside protection the strategy
also captured upside potential and
locked in gains.
In the period of market decline
under consideration, the impacts of
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portfolio insurance overlaid the effects
of portfolio optimisation on the total
performance. The results of the case
study give reason to suggest that, in
times of financial instability, when
market crises are to be expected,
portfolios primarily should be
protected against downside risk by
adequate portfolio insurance.
Yet, portfolio insurance is achieved
at the cost of lower upside potential in
an increasing number of markets. The
application of portfolio insurance
remains the investor’s decision,
depending on his assessment of the
market trends.
Further research is needed to prove
the observations of the case study in a
more general context. The primary
purpose of the case study was to
demonstrate and analyse the suggested
conceptual approach by a simplified
example. It may be extended to a
more realistic application by taking
into consideration more complex
portfolios and further aspects of a
practical simulation, such as transaction
costs, trading filters or others. More
sophisticated statistical methodologies
of risk and return estimation may be
applied and observations may be
further generalised, eg by examining
different market conditions, varying
the input parameters or applying
Monte Carlo simulation instead of
using historical data.
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ANNEXES: FURTHER RESULTS OF THE CASE STUDY
Annex 1: Frequency distributions of investment strategies

Figure 12: Frequency return distribution of the unsecured investment strategies
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Figure 13: Frequency return distribution of the stop-loss insured investment strategies

Figure 14: Frequency return distribution of the CPPI insured investment strategies

Figure 15: Frequency return distribution of the TIPP insured investment strategies
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Annex 2: Risk-return ratios of
the distributions
The following tables present the
observed risk and return ratios of the
10-day log returns of the different

investment strategies with and without
portfolio insurance. The first column in
every table presents the total
performance over the investment horizon
(2nd January, 2008 to 31st May, 2010).

Table 9: Risk/return ratios of unsecured investment strategies
Unsecured
investment
strategies

Total
performance

Maximum
return

Minimum
return

Inv99%2CVaR min
Inv99%2VaR min
Inv95%2CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

220.68%
217.13%
221.00%
220.35%
222.21%
225.05%

12.38%
12.52%
12.45%
13.11%
11.12%
10.45%

217.65%
217.38%
217.39%
216.29%
219.93%
223.64%

Mean
return

93%
CVAR of
returns

90%
CVAR
of
returns

20.39%
20.32%
20.40%
20.38%
20.42%
20.47%

29.10%
29.02%
29.09%
29.30%
29.32%
211.15%

28.30%
28.21%
28.29%
28.46%
28.30%
29.74%

Table 10: Risk/return ratios of investment strategies under stop-loss insurance
Stop– loss
secured
investment
strategies

Total
performance

Maximum
return

Minimum
return

Inv99%2CVaR min
Inv99%2VaR min
Inv95%2CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

220.00%
220.00%
220.00%
220.00%
220.00%
220.00%

5.70%
5.46%
5.59%
6.01%
5.34%
7.39%

213.31%
212.90%
213.19%
214.68%
29.79%
212.39%

Mean
return

93%
CVAR
of
returns

90%
CVAR
of
returns

20.36%
20.36%
20.36%
20.36%
20.35%
20.34%

27.24%
27.10%
27.20%
27.68%
25.93%
25.69%

26.00%
25.90%
25.97%
26.35%
25.15%
24.79%

90%
CVAR
of
returns
24.77%
24.70%
24.76%
25.13%
24.11%
23.83%

Table 11: Risk/return ratios of investment strategies under CPPI insurance
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CPPI secured
investment
strategies

Total
performance

Maximum
return

Minimum
return

Mean
return

93%
CVAR
of
returns

Inv99%2CVaR min
Inv99%2VaR min
Inv95%2CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

220.00%
220.00%
220.00%
220.00%
220.00%
220.00%

3.82%
3.63%
3.79%
4.97%
2.12%
2.26%

211.03%
211.10%
210.83%
29.28%
213.79%
214.44%

20.36%
20.36%
20.36%
20.36%
20.35%
20.34%

25.69%
25.60%
25.66%
26.10%
25.13%
25.01%
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Table 12: Risk/return ratios of investment strategies under TIPP insurance
TIPP secured
investment
strategies

Total
performance

Maximum
return

Minimum
return

Inv99%2CVaR min
Inv99%2VaR min
Inv95%2CVaR min
Inv(80%,20%) const
Inv(50%,50%) const
Inv(20%,80%) const

212.89%
212.27%
212.93%
210.90%
216.29%
217.22%

5.26%
5.03%
5.17%
5.74%
3.48%
3.70%

28.38%
28.17%
28.28%
28.63%
27.61%
29.64%

Annex 3: Portfolio insurance
application on
99%-CVaR-minimising and
99%-VaR-minimising
investment strategies
Stop-loss insurance
Figures 16 and 17 illustrate the
application of the stop-loss insurance on
the 99%-CVaR- and 99%-VaRminimising investment strategies. On
10th October, 2008, the risky portfolio
for both strategies is shifted into the cash
position.
Both figures illustrate that under stop
loss the upside market potential in April/
May 2010 is not captured by this
insurance strategy.

Mean
return

93%
CVAR
of
returns

90%
CVAR
of
returns

20.22%
20.21%
20.22%
20.19%
20.28%
20.29%

24.72%
24.64%
24.68%
24.73%
24.32%
23.92%

24.00%
23.95%
23.97%
23.95%
23.73%
23.29%

CPPI insurance
Figures 18 and 19 illustrate the
application of CPPI insurance on
the 99%-CVaR- and 99%-VaRminimising investment strategies. The
cash position is increased since the first
half of 2008. For both strategies, the
portfolio is completely shifted into the
riskless asset when the floor level is
reached on 14th October, 2008.
Figures 18 and 19 illustrate that CPPI
does not capture upside market potential
in the recovering market.
TIPP insurance
Figures 20 and 21 illustrate the
application of TIPP insurance on

Figure 16: Stop-loss insurance on the 99%-CVaR-minimising investment strategy
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Figure 17: Stop-loss insurance on the 99%-VaR-minimising investment strategy

Figure 18: CPPI insurance on the 99%-CVaR-minimising investment strategy

Figure 19: CPPI insurance on the 99%-VaR-minimising investment strategy
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Figure 20: TIPP insurance on the 99%-CVaR-minimising investment strategy

Figure 21: TIPP insurance on the 99%-VaR-minimising investment strategy

the 99%-CVaR- and
99%-VaR-minimising investment
strategies. The cash position is intensely
increased from the first half of 2008
and gradually reduced starting

in the first half of 2009 for both
strategies.
The progressions of TIPP both
strategies illustrate that upside potential is
captured under TIPP insurance.
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